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Abstract
The illustration of cosmic acceleration under two interacting dark
energy models (pilgrim dark energy with Granda and Oliveros cutoff
and its generalized ghost version) in DGP braneworld framework is
presented. In the current scenario, the equation of state parameter,
deceleration parameter, ωD − ω′D plane and statefinder diagnosis are
investigated. The equation state parameter behave-like phantom era
of the universe. The deceleration parameter depicts the accelerated
expansion of the universe in both models. The cosmological planes
like ωD − ω′D and statefinder corresponds to ΛCDM limit. To end,
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we remark that our results support to phenomenon of pilgrim dark
energy and cosmic acceleration. Also, the results are consistent with
observational data.
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1 Introduction
It has been confirmed by current observational data that the our universe
undergoes accelerated expansion [1]-[6]. It is consensus that this accelerated
expansion phenomenon is due to a mysterious form of force called dark en-
ergy (DE). This can be explained through the well-known parameter called
equation of state (EoS) parameter ωD. It is suggested through WMAP data
that the value of EoS parameter is bounded as −1.11 < ωD < −0.86 [7]. This
could be consistent if DE behaves like cosmological constant with ωD = −1
and therefore our universe seems to approach asymptotically a de Sitter uni-
verse.
In order to describe accelerated expansion phenomenon, two different
approaches has been adopted. One is the proposal of various dynamical
DE models such as family of chaplygin gas [8], holographic [9, 10], new
agegraphic [11], polytropic gas [12], pilgrim [13]-[15] DE models etc. A
second approach for understanding this strange component of the universe is
modifying the standard theories of gravity, namely, General Relativity (GR)
or Teleparallel Theory Equivalent to GR (TEGR). Several modified theories
of gravity are f(R), f(T ) [16]-[21], f(R, T ) [22]-[23], f(G) [24]-[28] (where
R is the curvature scalar, T denotes the torsion scalar, T is the trace of the
energy momentum tensor and G is the invariant of Gauss-Bonnet defined as
G = R2 − 4RµνRµν +RµνλσRµνλσ).
Special attention is attached to the so-called braneworld model proposed
by Dvali, Gabadadze, and Porrati (DGP) [29]-[31] (for reviews, see also [32]).
In a cosmological scenario, this approach leads to a late-time acceleration as
a result of the gravitational leakage from a 3-dimensional surface (3-brane)
to a 5-th extra dimension on Hubble distances. Hirano and Komiya [33]
have generalized the modified Friedmann equation as suggested by Dvali
and Turner [34] for achieving the phantom-like gap with an effective energy
density with an EoS with ωD < −1.
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The DGPmodel presents two branches of solutions, i.e., the self-accelerating
branch (ǫ = +1) and the normal (ǫ = −1) one. The self accelerating branch
leads to an accelerating universe without using any exotic fluid, but shows
problems like ghost [35]. However, the normal branch need a DE component
which is compatible with the observational data [36, 37]. The extension of
these models have been studied in [38] for f(R) gravity in order to obtain
a self acceleration. The attempts of solutions for a DGP brane-world cos-
mology with a k-essence field were found in [39] showing big rip scenarios
and asymptotically de Sitter phase in the future. DGP model has also been
discussed by various observations without DE model (Self-accelerating DGP
branch) [40]-[43] and with DE model (normal branch) [44]-[46]. However, in
normal branch, the addition of dynamical DE model provides us new differ-
ent structures to describe the late time acceleration with better cosmological
solutions on the brane.
Holographic DE (HDE) model is the most prominent for interpreting the
DE scenario and its idea comes from the unification attempt of quantum
mechanics and gravity. According to t’ Hooft, quantum gravity demands
three-dimensional world as a holographic image (an image whose all data
can be stored on a two-dimensional projection). He stated it in the form of
holographic principle, i.e., all the information relevant to a physical system
inside a spatial region can be observed on its boundary instead of its volume
[47]. The construction of HDE density is based on Cohen et al. [48] relation
about the vacuum energy of a system with specific size whose maximum
amount should not exceed the BH mass with the same size. This can be
expressed as L3ρΛ ≤ LM2p , where M2p = (8πG)−1 is the reduced Planck mass
and L represents the IR cutoff. We can get HDE density from the above
inequality as
ρΛ = 3c
2M2pL
−2, (1)
here c is the dimensionless HDE constant parameter. The interesting feature
of HDE density is that it provides a relation between ultraviolet (bound of
vacuum energy density) and IR (size of the universe) cutoffs. However, a
controversy about the selection of IR cutoff of HDE has been raised since its
birth. As a result, different people have suggested different expressions.
In the present paper, we check the role of some new models of pilgrim
DE (PDE) (pilgrim dark energy with Granda and Oliveros (GO) cutoff and
its generalized ghost version) in DGP Braneworld. We develop different
cosmological parameters and planes. This paper is outlined as follows: In
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section 2, we provide the basics of the DGP braneworld model and explain
the PDE models. Sections 3 and 4 are devoted for cosmological parameters
and cosmological planes for new models of PDE. In the last section, we
conclude our results.
2 DGP Braneworld Model and Pilgrim Dark
Energy
Now we define the cosmological evolution on the brane by Friedmann equa-
tion as [32]
H2 +
k
a2
=
(√
ρ
3
+
1
4r2c
+
ǫ
2rc
)2
, (2)
where ρ = ρM + ρD is the total cosmic fluid energy density on the brane (ρM
is the CDM density while ρD is the PDE density). Also, rc is the crossover
length given by [49]
rc =
M2pl
2M35
=
G5
2G4
, (3)
rc is defined as a distance scale reflecting the competition between 4D and
5D effects of gravity. Below the length rc, gravity appears 4-dim and above
the length rc, gravity can leak into the extra dimension. For the spatially
flat DGP Braneworld (k = 0), the Friedmann equation (3) reduces to
H2 − ǫ
rc
H =
1
3
(ρM + ρD). (4)
Since, we are taking the interaction between DE and CDM, hence the con-
servation equations turn out to be
ρ˙M + 3HρM = Q ρ˙D + 3H(ρD + pD) = −Q, (5)
here Q describes the interaction between PDE and CDM. We choose Q =
3b2Hρm as an interaction term with b
2 being a coupling constant. This inter-
action term is used for transferring the energy through different cosmological
constraints. Its positive sign indicates that DE decays into CDM and negative
sign shows that CDM decays into DE. Here, we take Q as positive because it
is more favorable with observational data. Hence, with this interaction form,
Eq. (5) provides
ρM = ρM0a
3(b2−1), (6)
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here ρM0 is the integration constant.
Further, we illustrate the discussion about under consideration model
called PDE. Cohen et al. [47] relation leads to the bound of energy density
from the idea of formation of BH in quantum gravity. However, it is sug-
gested that formation of BH can be avoided through appropriate repulsive
force which resists the matter collapse phenomenon. The phantom-like DE
possesses the appropriate repulsive force (in spite of other phases of DE like
vacuum or quintessence DE). By keeping in mind this phenomenon, Wei [13]
has suggested the DE model called PDE on the speculation that phantom
DE possesses the large negative pressure as compared to the quintessence
DE which helps in violating the null energy condition and possibly prevent
the formation of BH. In the past, many applications of phantom DE exist in
the literature. It is also playing an important role in the reduction of mass
due to its accretion process onto BH. Many works have been done in this
support through a family of chaplygin gas [50]-[53]. For instance, phantom
DE is also play an important role in the wormhole physics where the event
horizon can be avoided due to its presence [54]-[57].
It was also argued that BH area reduces up to 50 percent through phan-
tom scalar field accretion onto it [58]. According to Sun [59], mass of BH
tends to zero when the universe approaches to big rip singularity. It was
also suggested that BHs might not be exist in the universe in the presence of
quintessence-like DE which violates only strong energy condition [60]. How-
ever, these works do not correspond to reality because quintessence DE does
not contain enough resistive force to in order to avoid the formation of BH.
Also, Saridakis et al. [61]-[70] have obtained the phantom crossing, quintom
as well as phantom-like nature of the universe in different frameworks and
found interesting results in this respect.
The above discussion is motivated to Wei [13] in developing the PDE
model. He analyzed this model with Hubble horizon through different theo-
retical as well as observational aspects. The energy density for PDE model
with hubble horizon is defined as
ρD = 3c
2L−u. (7)
where u is the PDE parameter, mpl = 1 and L is known as IR cutoff. The
proposal of PDE model by Wei [13] is based on two properties. The first
property of PDE is
ρD & m
2
pL
−2. (8)
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From Eqs.(7) and (8), we have L2−u & mu−2p = l
2−u
p , where lp is the reduced
Plank length. Since L > lp, one requires
u ≤ 2. (9)
The second requirement for PDE is that it gives phantom-like behavior [13]
ωD < −1 (10)
It is stated [13] that a particular cutoff L has to choose to obtain the EoS
for PDE. For instance, radius of Hubble horizon L = H−1, event horizon
L = RE = a
∫
∞
t
dt
a
, the form L = (H2 + H˙)−
1
2 represented the Ricci length,
the GO length (αH2 + βH˙)−
1
2 , etc.
Recently, we have investigated this model by taking different IR cutoffs in
flat as well as non-flat FRW universe with different cosmological parameters
as well as cosmological planes [14, 15]. This model has also been investigated
in different modify gravity theories [71]-[73]. In the next two sections, we
will discuss the cosmological parameters of PDE with GO cutoff and ghost
version of PDE.
3 Pilgrim Dark Energy with Granda and Oliv-
eros Cutoff
Granda and Oliveros [74] deveoped IR cutoff (involving Hubble
parameter and its derivative) of HDE parameterized by two di-
mensionless constants called new HDE (NHDE). They suggested
that this model can be an effective candidate in solving the cos-
mic coincidence problem. Yu et al. [75] analyzed the behavior of
interacting NHDE with CDM and found that this model inherits
the features of already presented HDE models. Also, constraints
on different cosmological parameters are established for this model
by using the data of different observational schemes and Markov
chain Monte Carlo method [76]. The GO cutoff can be defined as follows
[77]
ρD = 3(αH
2 + βH˙). (11)
Where α and β are the positive constants. With GO cutoff, the PDE model
turns out to be
ρD = 3(αH
2 + βH˙)u/2. (12)
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Figure 1: Plots of ωD versus 1 + z for new PDE model in DGP with u=1
(upper left panel), u = −1 (upper right panel), u = −2 (lower panel), re-
spectively.
By taking the time derivative of Eq.(4) and then by using the Eq.(12), we
get
H˙
H2
=
1
H2β
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u
− α
β
. (13)
where Ωrc =
1
4H2r2
c
. By solving the Eqs.(5) and (12), we obtain the EoS
parameter
ωD = −1 −
2(1− ǫ√Ωrc)
3H2
(
(1− 2ǫ
√
Ωrc)−
ρm
0
a−3(1−b
2)
3H2
)
−1
× 1
β
((
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u − αH2)
+
(2b2 + 1)ρm
0
a−3(1−b
2)
3H2
(
(1− 2ǫ
√
Ωrc)−
ρm
0
a−3(1−b
2)
3H2
)
−1
. (14)
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Figure 2: Plots of q versus 1+z for new PDE model in DGP with u=1 (upper
left panel), u = −1 (upper right panel), u = −2 (lower panel), respectively.
The deceleration parameter can be defined as follows:
q = −1 − H˙
H2
. (15)
The deceleration parameter can also be obtain by using the Eqs. (13) and
(15) as
q = −1 − 1
βH2
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u
+
α
β
. (16)
Here, we find the regions on the ωϑ−ω′ϑ plane (ω′ϑ represents the
evolution of ωϑ) as defined by Caldwell and Linder [78] for models
under consideration. The models can be categorized in two differ-
ent classes as thawing and freezing regions on the ωϑ − ω′ϑ plane.
The thawing models describe the region ω′ϑ > 0 when ωϑ < 0 and
freezing models represent the region ω′ϑ < 0 when ωϑ < 0. Ini-
tially, this phenomenon was applied for analyzing the behavior of
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quintessence model and found that the corresponding area occu-
pied on the ωϑ − ω′ϑ plane describes the thawing and freezing re-
gions.
The differentiation of EoS parameter Eq. (14) w.r.t. x = ln a leads to
ω′D = −
1
3
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)
−1(
2
H
(1− ǫ
√
Ωrc)
×
(
2
uβ
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
) 2
u
−1(
2(1− ǫ
√
Ωrc)
× ( 1
β
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u − α
β
H2
)
+ (1− b2)
× ρm
0
a−3(1−b
2)H
)− 2α
β
H
( 1
β
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u
− α
β
H2
))
+ 2ǫ
√
Ωrc
( 1
βH2
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u
− α
β
)− 3(1− b2)2ρm
0
a−3(1−b
2) − 9b2(1− b2)ρm
0
a−3(1−b
2)
)
+
1
3
×
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)
−2(
2(1− ǫ
√
Ωrc)
( 1
β
(
H2
× (1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u − α
β
H2
)
+ (1− b2)ρm
0
× a−3(1−b2) + 3b2ρm
0
a−3(1−b
2)
)(
2(1− ǫ
√
Ωrc)
( 1
β
(
H2(1− 2ǫ
×
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u − α
β
H2
)
+ (1− b2)ρm
0
a−3(1−b
2)
)
. (17)
The Hubble parameter H and the deceleration parameter q cannot discrimi-
nate among various DE models. For this purpose Sahni et al. [79] and Alam
et al. [80] proposed a new geometrical diagnostic pair for DE and it is con-
structed from the scale factor a(t) and its derivatives up to third order. The
statefinder pair (r, s) is defined as
r =
...
a
aH3
, s =
r − 1
3(q − 1/2) . (18)
The state-finder parameter r can be expressed as
r = 1 + 3
H˙
H2
+
H¨
H3
. (19)
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Figure 3: Plots of ωD − ω′D for new PDE model in DGP with u=1 (upper
left panel), u = −1 (upper right panel), u = −2 (lower panel), respectively.
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By using the relations (18), (19) and (13), we obtain the state-finder param-
eters (r, s) as
r = 1 +
(
1
βH2
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
)2/u − α
β
)(
3
+
4
βu
(1− ǫ
√
Ωrc)(H
2(1− 2ǫ
√
Ωrc)−
ρm
0
a−3(1−b
2)
3
)
2
u
−1 − 2α
β
)
+
2(1− b2)
uβH2
ρm
0
a−3(1−b
2)
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
) 2
u
−1
.(20)
s =
1
3
(−3
2
− 1
βH2
(H2(1− 2ǫ
√
Ωrc))
2/u +
α
β
)
−1(( 1
βH2
(H2
× (1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2))2/u +
α
β
)(
3 +
4
βu
(1− ǫ
√
Ωrc)
× (H2(1− 2ǫ
√
Ωrc)−
ρm
0
a−3(1−b
2)
3
)
2
u
−1 − 2α
β
)
+
2(1− b2)
uβH2
× ρm
0
a−3(1−b
2)
(
H2(1− 2ǫ
√
Ωrc)−
1
3
ρm
0
a−3(1−b
2)
) 2
u
−1
)
. (21)
The behavior of EoS parameter in terms of redshift parameter (by utilizing
a = (1 + z)−1) is displayed in Figure 1 for u = 1,−1,−2 (since there is
property of PDE for attaining useful results, we should choose u ≤ 2, that is
why we have chosen u = 1,−1,−2). The EoS parameter shows the phantom-
like behavior for u = 1 (left panel of Figure 1) while exhibits quintessence-
like behavior for u = −1,−2 (right and lower panels of Figure 1). However,
the deceleration parameter remains less than 0 i.e., q < 0 for all values
of u (Figure 2). Hence, the deceleration parameter exhibits the accelerated
expansion of the universe. We also developed ωD−ω′D plane for u = 1,−1,−2
as shown in Figure 3. It can be seen that this plane corresponding to for u = 1
lies in the thawing region, while lie in the freezing region for u = −1,−2.
The r − s planes for u = 1,−1,−2 are shown in Figure 4 which behave like
chaplygin gas model. However, the ΛCDM limit is also achieved for u = −1
case.
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Figure 4: Plots of r − s for new PDE model in DGP with u=1 (upper left
panel), u = −1 (upper right panel), u = −2 (lower panel), respectively.
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4 Generalized Ghost Pilgrim Dark Energy
The generalized ghost version of PDE can be defined as [81]
ρD = (αH + βH
2)u. (22)
Equations (4) and (22) gives the Hubble parameter for this model as follows
H˙
H2
= − 1
H2
(
(1− b2)ρm0a−3(1−b
2)
2− 2ǫ√Ωr − u3H (αH + βH2)u−1(α+ 2βH)
)
. (23)
This leads to deceleration parameter as follows
q = −1 + 1
H2
(
(1− b2)ρm0a−3(1−b2)
2− 2ǫ√Ωr − u3H (αH + βH2)u−1(α + 2βH)
)
. (24)
However, the EoS parameter can be obtained by using Eqs. (5) and (24)
ωD = −1 − b
2ρm0a
−3(1−b2)
(αH + βH2)u
− u
3H
( α + 2βH
αH + βH2
)(− 1
H2
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Figure 6: Plots of ωϑ versus 1+z for GGPDE model in DGP with u=1 (upper
left panel), u = −1 (upper right panel), u = −2 (lower panel), respectively.
× ( (1− b2)ρm0a−3(1−b2)
2− 2ǫ√Ωr − u3H (αH + βH2)u−1(α + 2βH)
))
. (25)
The derivative of Eq.(24) w.r.t. x leads to
ωD
′ = 3b2(1− b2)ρm0a−3(1−b
2)
(
αH + βH2
)
−u
+ ub2ρm0a
−3(1−b2)
× H−1(αH + βH2)−u−1(α + 2βH)(− (1− b2)ρm0a−3(1−b2)
× (2− 2ǫ√Ωr − u
3H
(αH + βH2)u−1(α+ 2βH)
)
−1
)
− u
3H2
× ( α+ 2βH
αH + βH2
)
((
3(1− b2)2ρm0a−3(1−b
2)H
(
2− 2ǫ
√
Ωr − u
3H
× (αH + βH2)u−1(α + 2βH))−1)+ ((1− b2)ρm0a−3(1−b2)
× (2− 2ǫ√Ωr − u
3H
(αH + βH2)u−1(α+ 2βH)
)
−2
)
H−1
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Figure 7: Plots of ωD − ω′D GGPDE model in DGP with u=1 (upper left
panel), u = −1 (upper right panel), u = −2 (lower panel), respectively.
× (− (1− b2)ρm0a−3(1−b2)(2− 2ǫ√Ωr − u3H (αH + βH2)u−1
× (α + 2βH))−1)(2ǫ√Ωr − u(u− 1)
3
(αH + βH2)u−2(α
+ 2βH)2 +
uα
3H
(αH + βH2)u−1
))
+
u
3H2
(2α2 + 4H2β2
+ 5Hαβ)(αH + βH2)−2
(
− (1− b2)ρm0a−3(1−b
2)
(
2− 2
× ǫ
√
Ωr − u
3H
(αH + βH2)u−1(α+ 2βH)
)
−1
)2
. (26)
After solving the Eqs.(18), (19) and (22), we can obtain the statefinder
parameter as
r = 1−
(
1
H2
( (1− b2)ρm0a−3(1−b2)
2− 2ǫ√Ωr − u3H (αH + βH2)u−1(α + 2βH)
))
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×
(
3 + (1− b2)ρm0a−3(1−b
2)
(
2− 2ǫ
√
Ωr − u
3H
(αH + βH2)u−1
× (α + 2βH))−2(2− 2ǫ√Ωr − u(u− 1)
3H
(αH + βH2)u−2
× (α + 2βH)2 + uα
3H
(αH + βH2)u−1
))
+
3
H2
ρm0a
−3(1−b2)
× (1− b2)
(
2− 2ǫ
√
Ωr − u
3H
(αH + βH2)u−1(α + 2βH)
)
. (27)
s =
1
3
(
− 3
2
+
1
H2
( (1− b2)ρm0a−3(1−b2)
2− 2ǫ√Ωr − u3H (αH + βH2)u−1(α + 2βH)
))−1
×
(
1
H2
( (1− b2)ρm0a−3(1−b2)
2− 2ǫ√Ωr − u3H (αH + βH2)u−1(α + 2βH)
)(
3 + (1− b2)
× ρm0a−3(1−b
2)
(
2− 2ǫ
√
Ωr − u
3H
(αH + βH2)u−1(α + 2βH)
)
−2
× (2− 2ǫ√Ωr − u(u− 1)
3H
(αH + βH2)u−2(α + 2βH)2 +
uα
3H
× (αH + βH2)u−1))+ 3
H2
(1− b2)ρm0a−3(1−b
2)
(
2− 2ǫ
√
Ωr
− − u
3H
(αH + βH2)u−1(α+ 2βH)
))
. (28)
The deceleration parameter indicates the cosmic acceleration because it
lies within the range (−1, 0) for all values of u (Figure 5). For this case,
EoS parameter represents the phantom-like behavior of the universe for all
values of u = 1,−1,−2 (Figure 6). We also developed ωD−ω′D plane for this
case for u = 1,−1,−2 as shown in Figure 7. It can be seen that this plane
corresponding to thawing region as well as to ΛCDM limit for all values of
u. The r− s planes for u = 1,−1,−2 also approaches to ΛCDM limit for all
values of u (Figure 8).
5 Conclusion
In the present paper, we have investigated the cosmological implications by
assuming two interacting DE models such as PDE with GO cutoff and GG-
PDE. We have explored various cosmological parameters as well as planes
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Figure 8: Plots of r − s for GGPDE model in DGP with u=1 (upper left
panel), u = −1 (upper right panel), u = −2 (lower panel), respectively.
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for these two DE models. The results are illustrated as follows: The EoS
parameter have depicted the phantom-like behavior for u = 1 (left panel of
Figure 1) while exhibits quintessence-like behavior for u = −1,−2 (right and
lower panels of Figure 1) for PDE with GO cutoff. However, the phantom-
like behavior of the universe for all values of u = 1,−1,−2 (Figure 6) for
GGPDE. The trajectories of deceleration parameter have also indicated the
accelerated expansion of the universe in both DE models (Figures 2 and 5).
The ωD − ω′D plane corresponding to u = 1 lies in the thawing region, while
lie in the freezing region for u = −1,−2 for PDE with GO cutoff (Figure
3). For GGPDE, it can be seen that this plane corresponding to thawing
region as well as to ΛCDM limit for all values of u (Figure 7). For PDE with
GO cutoff, the r − s planes for u = 1,−1,−2 have shown in Figure 4 which
behave like chaplygin gas model. However, the ΛCDM limit is also achieved
for u = −1 case. On the other hand, the r − s planes for u = 1,−1,−2 also
approaches to ΛCDM limit for all values of u. Finally, it is remarked that
all the cosmological parameters in the present scenario shows compatibility
with the current well-known observational data [82]-[84].
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